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We consider the effect of coupling between phonons and a chiral Majorana edge in a gapped chiral spin
liquid with Ising anyons (e.g., Kitaev’s non-Abelian spin liquid on the honeycomb lattice). This is especially
important in the regime in which the longitudinal bulk heat conductivity κxx due to phonons is much larger
than the expected quantized thermal Hall conductance κqxy = piT12
k2B
~ of the ideal isolated edge mode, so that
the thermal Hall angle, i.e., the angle between the thermal current and the temperature gradient, is small. By
modeling the interaction between a Majorana edge and bulk phonons, we show that the exchange of energy
between the two subsystems leads to a transverse component of the bulk current and thereby an effective Hall
conductivity. Remarkably, the latter is equal to the quantized value when the edge and bulk can thermalize,
which occurs for a Hall bar of length L  `, where ` is a thermalization length. We obtain ` ∼ T−5 for a
model of the Majorana-phonon coupling. We also find that the quality of the quantization depends on the means
of measuring the temperature and, surprisingly, a more robust quantization is obtained when the lattice, not the
spin, temperature is measured. We present general hydrodynamic equations for the system, detailed results for
the temperature and current profiles, and an estimate for the coupling strength and its temperature dependence
based on a microscopic model Hamiltonian. Our results may explain recent experiments observing a quantized
thermal Hall conductivity in the regime of small Hall angle, κxy/κxx ∼ 10−3, in α-RuCl3.
Non-Abelian statistics is a deep generalization of quan-
tum statistics in two dimensions, in which the final state
depends upon the order in which exchanges of particles –
non-Abelian anyons – are performed [1–3]. In addition to
its fundamental interest, this provides a powerful paradigm
for quantum computing, allowing for fault-tolerant processes
[4, 5]. The main platforms in which non-Abelian topo-
logical phases have been sought are the ν = 5/2 Frac-
tional Quantum Hall Effect (FQHE) [1, 2], where non-Abelian
anyons are suspected but have not been established, and hy-
brid semiconductor-superconductor structures, to which quan-
tum computing groups are devoting massive efforts [6], but
where confirmation is still awaited.
A third possible route to non-Abelian anyons is via a
quantum spin liquid [7]. In his seminal work [8], Kitaev
presented a spin-1/2 model on the honeycomb lattice with
bond-dependent anisotropy which, in a magnetic field, re-
alizes a non-Abelian topological phase. This phase hosts
Ising anyons, topologically the same anyon type which is tar-
geted by the hybrid efforts. A key and general characteristic
of a topological phase is the chiral central charge c, which
characterizes its gapless edge modes. It is directly measur-
able as a quantized thermal Hall conductivity, κqxy = picT/6
(~ = kB = 1). A non-integer value is an unambiguous indi-
cator of a non-Abelian phase, and c = 1/2 for Ising anyons.
Stimulated by the recognition that Kitaev’s anisotropic in-
teractions arise naturally in certain strongly spin-orbit coupled
Mott insulators [9, 10], mounting efforts have targeted such
systems in the laboratory. There is now strong evidence that
Kitaev interactions are substantial in several 2d honeycomb
lattice materials [11]: α-Na2IrO3 [12], α-Li2IrO3 [13], and
α-RuCl3 [14]. While it is clear that none of these materi-
als are exactly described by Kitaev’s model, the beauty of a
topological phase is its robustness: once obtained, it is sta-
ble to an arbitrary weak perturbation and its essential proper-
ties are completely independent of the details of the Hamilto-
nian. A very recent experiment [15] presents observations of
an apparent plateau with a quantized thermal Hall conductiv-
ity with c = 1/2 in α-RuCl3 in an applied field of 9-10T, at
temperatures of 3-5K. If confirmed, it could be a revolution-
ary discovery not only in the non-Abelian context, but also as
the first truly unambiguous signature of a quantum spin liq-
uid phase in experiment. These results appear to complement
recent experiments on quantum Hall systems which have ob-
served half-integer thermal conductance, but through rather
different means [16].
The α-RuCl3 experiments do, however, present at least
one major puzzle. The thermal Hall angle θH =
tan−1(κxy/κxx) = 10−3 is small, i.e., κxx  κxy . This is
incompatible with conduction solely through a Majorana edge
mode. Indeed, in two dimensional electron gases, a quantized
Hall effect is only observed when the Hall angle is large. This
raises the fundamental question of whether the thermal Hall
effect is different: is quantization even expected and possible
at small Hall angles? We consider here a universal effective
model for an Ising anyon phase, in which the chiral Majorana
edge mode is augmented by acoustic bulk phonons, which can
provide a diagonal bulk thermal conductivity. Remarkably, we
find that not only does the quantized thermal Hall effect persist
in the presence of the phonons, but it relies upon them. The
ultimate view of the quantized transport is distinctly different
from the usual isolated edge mode picture, and we predict no-
table experimental consequences of the mixing of edge and
bulk heat propagation. Our considerations are quite general
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2and we expect that similar physics applies to thermal trans-
port in other systems with edge modes, such as topological
superconductors and quantum Hall systems.
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FIG. 1. Temperature maps of our rectangular system with dimen-
sions Lx and Ly consisting of a phonon bulk (lower box) and a Ma-
jorana fermion edge (upper edge). The phonon temperatures at the
left and right edges are assumed to be fixed as Tl,r , respectively, due
to the coupling of the lattice with the heater and thermal bath. The
black arrows for If along the edge denote the direction and mag-
nitude of the “clockwise” energy current associated with the chiral
Majorana mode. The white arrows in the bulk show a stream line
of jph. The 3d white arrows for jex indicate the energy current be-
tween the Majorana edge and bulk phonons. (∆T )phH and (∆T )
f
H
are the measured “Hall” temperature differences when the contacts
are coupled to the lattice or spins, respectively.
We formulate the problem in terms of hydrodynamic equa-
tions describing the energy transport. We consider the fol-
lowing two subsystems: the phonons, or lattice, located in
the bulk, and denoted with the index “ph”, and the Majorana
fermions, or spins, confined to the edge and indexed by “f”, as
well as a coupling between them. For simplicity, we assume
an isotropic bulk, with the relation
jph = −κ∇Tph, (1)
i.e., the energy current density in the bulk is parallel to the
thermal gradient, with κ a characteristic of the lattice. The
“clockwise” edge current is that of a chiral fermion with cen-
tral charge c = 1/2, i.e.,
If =
picT 2f
12
. (2)
The heat exchange between the phonons and Majoranas can
be modeled phenomenologically through an energy current
jex between the two subsystems (see the arrows in Fig. 1). Mi-
croscopically, it is due to the scattering events between edge
Majorana fermions and bulk phonons, and is the rate of energy
transfer at the edge per unit length, i.e., jex ≡ 1L
(
∂E
∂t
)
ph→f =
− 1L
(
∂E
∂t
)
f→ph, where L is the length of the edge in evaluat-
ing
(
∂E
∂t
)
ph→f [17]. This in turn implies that the phonons
and Majoranas have not fully thermalized with one another.
Assuming, however, that thermalization is almost complete,
i.e., Tf ≈ Tph, and that the fermions are strictly confined to
the edge, jex can be linearized in the temperature difference
Tph − Tf at the edge,
jex = λ(T )(Tph − Tf ), (3)
where, crucially, λ > 0 is a function of the overall constant
temperature T ≈ Tph,f , and can be parametrized as λ(T ) ∼
Tα. We will determine α from a phase space analysis of the
scattering events.
Hydrodynamic equations.—We assume our (two-
dimensional) system to be a rectangular slab of width
Ly and length Lx & Ly (see Fig. 1), and choose coordinates
with |x| < x0 = Lx/2 and |y| < y0 = Ly/2.
The continuity equation in the bulk in a steady state is∇ ·
jph(x, y) = 0 which implies the Laplace equation
∇2Tph(x, y) = 0. (4)
Energy conservation at the edges gives rise to appropriate
boundary conditions. At the left and right edges, we as-
sume that only the lattice is coupled to thermal leads and
the phonons have fixed constant temperatures, Tl,r, respec-
tively. At the top and bottom edges, the current out of the
phonon subsystem must equal the exchange current, hence
±jyph(x,±y0) = jex(x,±y0). Moreover, the continuity equa-
tions for the edges imply ±∂xIf (x,±y0) = jex(x,±y0). To-
gether these yield, given Eqs. (1) and (2),
κ∂yTph(x,±y0) = −κqxy∂xTf (x,±y0). (5)
Note the appearance of the ideal quantized Hall conductivity
κqxy = picT/6 = piT/12 here, using Tf ≈ T (valid within our
linearized treatment).
Quantization in the infinitely long limit.—For simplicity, we
first solve our hydrodynamic equations in the limit of an in-
finitely long system (Lx → ∞). Note that, even for finite
systems with Lx  Ly , this infinitely long limit is expected
to be relevant far away from the left and right edges.
Since there is translation symmetry in the x direction, the
boundary conditions Tph(±x0, y) = Tr,l lead to a uniform
temperature gradient dTdx = limLx→∞
Tr−Tl
Lx
, and the phonon
and Majorana temperatures must take the forms{
Tph(x, y) =
dT
dx x+ Tˆ (y) + const.
Tf (x,±y0) = dTdx x+ const..
(6)
Laplace’s equation, Eq. (4), immediately implies that Tˆ (y)
must be a linear function of y which we write Tˆ (y) =
(∆T )phH
Ly
y. Therefore, from Eq. (5), we get
∂yTph(x, y) = −
κqxy
κ
dT
dx
, (7)
since ∂yTph(x, y) = ∂yTph(x,±y0) = const.. From a phe-
nomenological perspective, the total current in the Hall bar
geometry must flow only along x, but Eq. (7) implies that the
phonon thermal gradient is tilted from the current axis by a
small Hall angle of | tan θH | = κqxy/κ 1.
Next consider the view of Alice the experimentalist. She
measures the temperature gradients via three contacts, and
assumes for the moment that these measurements give the
phonon temperature (the most reasonable assumption). To
deduce the Hall conductivity, she posits a bulk heat current
3satisfying j = −κph,expt ·∇T , and tries to deduce the ten-
sor κph,expt [the ph (f ) superscript means this quantity is ob-
tained from a measurement of the phonon (Majorana fermion)
temperature]. By measuring the longitudinal temperature gra-
dient, she obtains κph,exptxx = κ as expected, and then, im-
posing jy = 0, she equates the experimental Hall angle
tan θH =
(∆T )phH
Ly
/dTdx to κ
ph,expt
xy /κ
ph,expt
xx . By comparing
this equation to the theoretical result in Eq. (7), we immedi-
ately recognize that the magnitude of the effective Hall con-
ductivity (denoted simply as κexptxy in the rest of the text) is
|κph,exptxy | = κqxy , i.e., the experimentally measured thermal
Hall conductivity takes the quantized value!
A few remarks are in order. First, a transverse tempera-
ture difference, (∆T )phH , leading to a “Hall thermal gradient”
(∆T )phH /Ly = −
κqxy
κ
dT
dx develops which allows to compen-
sate the transverse energy current jex at the edges and leads
to a zero net transverse current. Second, the effective thermal
Hall conductivity is only found to be quantized if the trans-
verse temperature gradient is obtained from the phonon tem-
peratures at the top and bottom edges. In contrast, if Bob
somehow measures the Majorana temperatures, the transverse
temperature gradient is identified as (∆T )fH/Ly and thus,
from Eqs. (3) and (5), he finds a different effective thermal
Hall conductivity [see also Fig. 2(a)]:
κf,exptxy = −
κ(∆T )fH
Ly
dT
dx
= κqxy
(
1 +
2κ
λ(T )Ly
)
. (8)
Note that κf,exptxy ≈ κph,exptxy only for a large enough phonon-
Majorana coupling λ(T ) κ/Ly .
General conditions for quantization.—To understand how
the quantization of the effective thermal Hall conductivity can
break down and determine the range of its applicability, we
now extend the solution of our hydrodynamic equations to a
finite system with Lx & Ly , where we must take into account
all boundary conditions, i.e., include the right and left bound-
ary conditions on top of those in Eq. (5). Again assuming that
the leads are coupled to the phonons only, those are:{
Tph(±x0, y) = Tr,l,
jex(±x0, y) = λ(T )(Tph − Tf ) = ∓κqxy∂yTf .
(9)
Considering a small enough phonon-Majorana coupling λ, we
aim to obtain a perturbative solution of the hydrodynamic
equations. To this end, we write
Tph,f (x, y) = T + T˜ph,f (x, y), (10)
with T˜ph,f (x, y)  T . We express the temperature varia-
tions in series expansions as T˜ph,f =
∑∞
n=0 T˜
(n)
ph,f and assume
that terms of increasing order n are progressively less impor-
tant. Note also that T˜ph,f (x, y) = −T˜ph,f (−x,−y) gener-
ally follows from the symmetries of the hydrodynamic equa-
tions. Starting from the λ = 0 solution, T˜ (0)ph (x, y) =
dT
dx x
and T˜ (0)f (x, y) = 0, the temperature variations can then be
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FIG. 2. (a) Temperature profiles of the Majorana fermions (solid
lines) and phonons (dashed lines) at the top (red lines) and bottom
(blue lines) edges, Tf,ph(x,±y0). The measured “Hall” tempera-
ture differences (∆T )ph,fH (x) ≡ Tph,f (x, y0) − Tph,f (x,−y0) are
shown with the black arrows. (b) Measured thermal Hall conductiv-
ity κph,exptxy [Eq. (13)] as a function of the longitudinal position x
at which (∆T )phH is measured for dimensionless thermal couplings
λLx/κ
q
xy = 100 (solid line), 10 (dashed line), and 1 (dotted line) at
fixed Lx/Ly = 100.
found by an iterative procedure. At each iteration step n > 0,
we first solve the ordinary differential equations [see Eqs. (5)
and (9)]
κqxy∂xT˜
(n)
f = ±λ
[
T˜
(n−1)
ph − T˜ (n)f
]
for y = ±y0,
κqxy∂yT˜
(n)
f = ∓λ
[
T˜
(n−1)
ph − T˜ (n)f
]
for x = ±x0, (11)
for the Majorana temperature T˜ (n)f along the edge. Then, us-
ing this solution, we obtain an appropriate Laplace equation
∇2T˜ (n)ph = 0 for the phonon temperature T˜ (n)ph in the bulk,
along with Dirichlet boundary conditions T˜ (n)ph (±x0, y) = 0
at the left and right edges, and Neumann boundary conditions
∂yT˜
(n)
ph = ±
λ
κ
[
T˜
(n)
f − T˜ (n−1)ph
]
for y = ±y0, (12)
at the top and bottom edges. It is well known that such a
Laplace equation with mixed Dirichlet and Neumann bound-
ary conditions has a unique solution that can be obtained by
standard methods. Our perturbative solution is convergent
whenever λ κ/Ly (see [18] for the error analysis).
Assuming this condition, we perform the first iteration step
(see [18]) to calculate the phonon temperature T˜ (1)ph and obtain
the effective thermal Hall conductivity in terms of the trans-
verse temperature difference (∆T )phH (x) [see Fig. 2(a)]:
κph,exptxy (x) = −
κ
dT
dxLy
[
T˜
(1)
ph (x, y0)− T˜ (1)ph (x,−y0)
]
.
(13)
Note that κph,exptxy (x) generally depends on the position x at
which the temperatures are measured [see Fig. 2(b)]. Indeed,
we find that κph,exptxy (x) only takes a quantized (or even con-
stant) value if Lx  Ly and Lx  ` ≡ κqxy/λ. First, an
accurate measurement of the thermal Hall conductivity gener-
ally requires an elongated system with Lx  Ly . Second, the
system size Lx must be larger than the characteristic length `
associated with the thermalization of the Majorana edge mode
4(see Table I for a summary). Indeed, even for Lx  Ly , there
are two regimes for the effective thermal Hall conductivity
(see [18]):
κph,exptxy (x) ≈
 piT12 (Lx  `),piT (L2x−4x2)
96`2 (Lx  `).
(14)
In the second regime we find that κph,exptxy (x) has a strong
dependence on x and is smaller than κqxy = (pi/12)T by a
factor ∼ (Lx/`)2  1.
Estimation of the spin-lattice thermal coupling λ.— The
phenomenological spin-lattice coupling λ(T ) defined in
Eq. (3) can be obtained microscopically from, e.g., the Boltz-
mann equation. We calculate the rate of energy exchange
per unit length jex = 1L
(
∂E
∂t
)
ph→f
due to the scattering
at the edge. Comparing to the form in Eq. (3), we extract
λ(T ) = λ0T
α, i.e., the exponent α and the coefficient λ0.
We consider a coupling at the top edge y = y0 = Ly/2 of
the form
Hint =
−igvf
4
∫
dx ζ(x)Kij∂iuj(x, y0)η(x)∂xη(x), (15)
where η(x), ~u(x, y), ζ(x) are the Majorana edge mode, the
lattice displacement field, and disorder potential, respectively,
g parametrizes the spin-lattice coupling, and vf is the fermion
velocity. Kij∂iuj with i, j = x, y is some linear combina-
tion of the elastic tensor for u. Physically, Eq. (15) may be
understood from the observation that the lattice displacement
modifies the velocity of the Majorana edge mode by affecting
the strength of the Kitaev coupling.
Using Eq. (15) and calculating the energy transfer rate us-
ing a Boltzmann equation, we obtain a large power α = 6.
The reason for the large exponent is twofold. First, the dis-
persions of both bulk phonons and edge Majoranas are lin-
ear which reduces the low energy phase space. Second,
the vertex necessarily involves two gradients: one because
η(x)η(x) = δ(0) is a c-number for Majorana fermions, and
another because the strain tensor includes a gradient. We note
that, without disorder, two-phonon processes are necessary to
satisfy kinematic constraints in the physical regime, where the
velocity of the acoustic phonon vph is larger than vf . In that
case one obtains an even larger α = 8.
To estimate the coefficient λ0, we further assume that
the averaged disorder potential satisfies 〈ζ(x)ζ(x′)〉dis =
ζ2 δ(x−x′), and consider an isotropic acoustic phonon mode
only. From the Boltzmann equation solution (see [18]), we
obtain
λ =
g2ζ2
32(2pi)3v4phv
2
fρ0
f T 6, (16)
where ρ0 is the mass density of the lattice. In the model we
consider, f = 4.2 × 104. Unfortunately, at this time an ac-
curate quantitative estimate of λ for α-RuCl3 is not possible
due to the lack of knowledge of microscopic details of g, vf
and ζ. However, crudely applying Eq. (16), we estimate the
characteristic length ` = κqxy/λ to be several orders of mag-
nitude larger than the lattice spacing at temperatures of a few
Kelvins. Importantly, due to the large exponent α, we expect
that upon lowering the temperature of the sample, ` grows
rapidly and that the system enters the regime where Lx  `
in Eq. (14) and thus the quantization of the thermal Hall con-
ductivity breaks down.
Summary and discussion.—By carefully analyzing the in-
terplay between the chiral Majorana edge mode of an Ising
anyon phase and the energy currents carried by bulk phonons,
we have demonstrated that the thermal Hall conductivity of
such a non-Abelian topological phase can be effectively quan-
tized in the presence of a much larger longitudinal thermal
conductivity. This is in accordance with recent experiments
on α-RuCl3 [15]. However, this quantization only survives
under certain conditions. The main results are summarized in
Table I.
Coupling regime Weak Intermediate Strong
λ ∼ Tα λ . λf λf  λ λph λph  λ
Lx Lx . ` Lx  `
Ly Ly  κ/λ Ly  κ/λ
κph,exptxy κ
ph,expt
xy  κqxy κqxy κqxy
κf,exptxy –[19] κf,exptxy  κqxy κqxy
TABLE I. Values of the effective thermal Hall conductivities ex-
tracted by measuring the temperatures of the phonon (κph,exptxy ) or
Majorana (κf,exptxy ) subsystems in three coupling regimes, defined by
the value of λ relative to λf = κqxy/Lx and λph = κ/Ly . The
three coupling regimes can also be identified by comparing the sys-
tem dimensions Lx, Ly to the characteristic lengths ` = κqxy/λ and
κ/λ.
In words, those results are as follows. The quantization
survives for a sufficiently strong spin-lattice coupling λ 
λf ≡ κqxy/Lx, while it immediately disappears in the weak-
coupling regime defined by λ . λf [see Fig. 2(b)]. Impor-
tantly, since λ ∝ Tα is strongly dependent on the tempera-
ture, with α ≥ 6 for the mechanisms considered in this work,
we predict that the observed quantization of the thermal Hall
conductivity should eventually break down as the temperature
is lowered.
Even within the range of quantization (λ  λf ), we can
identify two separate regimes, depending on how λ compares
to λph ≡ κ/Ly  λf . In the strong-coupling regime, de-
fined by λ  λph, the spins and the lattice share the same
temperature, and the quantization of the thermal Hall conduc-
tivity follows from effectively having a system with a diagonal
conductivity κexptxx = κ
expt
yy = κ of the phonons and an off-
diagonal κexptxy = κ
q
xy of the Majoranas. Surprisingly, how-
ever, in the intermediate regime defined by λf  λ  λph,
the thermal Hall conductivity appears to be quantized despite
a large temperature mismatch between the spins and the lat-
5tice. This is only true, however, if it is obtained by measuring
the lattice temperatures along the edge. If one could directly
measure the local temperature of the Majorana edge mode, it
would appear to give a much larger thermal Hall conductivity.
Finally, we emphasize that our hydrodynamic equations are
applicable far beyond the scope of the present work. Here,
by solving them, we obtained a wide range of experimentally
measurable quantities, such as detailed temperature profiles of
various degrees of freedom (e.g., spins and lattice) across the
system. However, due to their phenomenological nature, the
hydrodynamic equations we derived should readily extend to
a rich variety of chiral topological phases and thus may find
applications far away from the field of quantum spin liquids.
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6SUPPLEMENTARY MATERIAL
First-order solution of the hydrodynamic equations
Here we work out the first iteration step of the perturbative solution described in the main text and use it to determine the
effective thermal Hall conductivity κph,exptxy (x) as a function of the longitudinal position x. At the first iteration step (n = 1),
the ordinary differential equations for the Majorana temperature T˜ (1)f (x, y) in Eq. (11) of the main text are
∂xT˜
(1)
f
(
x,±Ly
2
)
= ±1
`
[
T˜
(0)
ph
(
x,±Ly
2
)
− T˜ (1)f
(
x,±Ly
2
)]
,
∂yT˜
(1)
f
(
±Lx
2
, y
)
= ∓1
`
[
T˜
(0)
ph
(
±Lx
2
, y
)
− T˜ (1)f
(
±Lx
2
, y
)]
, (17)
where ` = κqxy/λ is the characteristic thermalization length of the Majorana edge mode. Remembering that T˜
(0)
ph (x, y) =
dT
dx x,
the solutions of Eq. (17) at the left and top edges become
T˜
(1)
f
(
−Lx
2
, y
)
= −dT
dx
{
Lx
2
− `[1− e
−Lx/`]
1 + e−(Lx+Ly)/`
exp
[
−y + Ly/2
`
]}
, (18)
T˜
(1)
f
(
x,
Ly
2
)
= −dT
dx
{
(`− x)− `[1 + e
−Ly/`]
1 + e−(Lx+Ly)/`
exp
[
−x+ Lx/2
`
]}
,
while those at the right and bottom edges are related by the symmetry constraint T˜ (1)f (x, y) = −T˜ (1)f (−x,−y). Laplace’s
equation ∇2T˜ (1)ph (x, y) = 0 for the phonon temperature T˜ (1)ph (x, y) is then supplemented with the Dirichlet boundary conditions
T˜
(1)
ph (±Lx/2, y) = 0 at the left and right edges and the Neumann boundary conditions [see Eq. (12) in the main text]
∂yT˜
(1)
ph
(
x,±Ly
2
)
= ±λ
κ
[
T˜
(1)
f
(
x,±Ly
2
)
− T˜ (0)ph
(
x,±Ly
2
)]
=
−dTdx κqxy
κ
[
1− 1 + e
−Ly/`
1 + e−(Lx+Ly)/`
exp
(
−Lx/2± x
`
)]
(19)
at the top and bottom edges. It is well known that Laplace’s equation with such boundary conditions has a unique solution.
After the iteration step n = 1, the only error in the temperature corrections T˜ (1)ph and T˜
(1)
f is due to the absence of T˜
(1)
ph on the
right-hand sides of Eqs. (17) and (19). Indeed, including this term would precisely give rise to the next temperature corrections
T˜
(2)
ph and T˜
(2)
f . The same type of error from T˜
(n)
ph persists in the same way at a given iterative step n. However, it follows
from Eq. (19) [see also Eq. (12)] that successive temperature corrections T˜ (n)ph are progressively less important and hence our
perturbative solution is convergent whenever λ κ/Ly . Surprisingly, as long as κqxy  κ, the perturbative solution is actually
valid for an arbitrary value of λ. Indeed, at λ → ∞, one can formulate an equivalent perturbative solution for T˜ph = T˜f at the
edges in which the small parameter is manifestly κqxy/κ.
Recalling the symmetry constraint T˜ (1)ph (x, y) = −T˜ (1)ph (−x,−y), we search for this solution in the general form
T˜
(1)
ph (x, y) =
∞∑
m=1
{
Am cos
[
(2m− 1)pix
Lx
]
sinh
[
(2m− 1)piy
Lx
]
+Bm sin
[
2mpix
Lx
]
cosh
[
2mpiy
Lx
]}
, (20)
which automatically satisfies the Dirichlet boundary conditions. To find independent equations for the coefficients Am and Bm,
7we take symmetric and antisymmetric combinations of the Neumann boundary conditions in Eq. (19):
∂yT˜
(1)
ph
(
x,
Ly
2
)
+ ∂yT˜
(1)
ph
(
x,−Ly
2
)
=
−2dTdx κqxy
κ
{
1− 1 + e
−Ly/`
1 + e−(Lx+Ly)/`
exp
(
−Lx
2`
)
cosh
x
`
}
=
∞∑
m=1
2(2m− 1)piAm
Lx
cos
[
(2m− 1)pix
Lx
]
cosh
[
(2m− 1)piLy
2Lx
]
,
∂yT˜
(1)
ph
(
x,
Ly
2
)
− ∂yT˜ (1)ph
(
x,−Ly
2
)
=
−2dTdx κqxy[1 + e−Ly/`]
κ[1 + e−(Lx+Ly)/`]
exp
(
−Lx
2`
)
sinh
x
`
(21)
=
∞∑
m=1
4mpiBm
Lx
sin
[
2mpix
Lx
]
sinh
[
mpiLy
Lx
]
.
From Eq. (21), the individual coefficients Am and Bm in Eq. (20) are
Am =
−dTdxLxκqxy
(2m− 1)piκ sech
[
(2m− 1)piLy
2Lx
]
Im, (22)
Bm =
−dTdxLxκqxy
2mpiκ
cosech
[
mpiLy
Lx
]
Jm,
where the Fourier integrals Im and Jm take the forms
Im = 2
Lx
∫ Lx/2
−Lx/2
dx˜ cos
[
(2m− 1)pix˜
Lx
]{
1− 1 + e
−Ly/`
1 + e−(Lx+Ly)/`
exp
(
−Lx
2`
)
cosh
x˜
`
}
,
Jm = 2
Lx
∫ Lx/2
−Lx/2
dx˜ sin
[
2mpix˜
Lx
]
1 + e−Ly/`
1 + e−(Lx+Ly)/`
exp
(
−Lx
2`
)
sinh
x˜
`
. (23)
From Eqs. (20) and (22), the effective thermal Hall conductivity in Eq. (13) of the main text is then
κph,exptxy (x) =
κ
−dTdxLy
[
T˜
(1)
ph
(
x,
Ly
2
)
− T˜ (1)ph
(
x,−Ly
2
)]
(24)
=
∞∑
m=1
2Lxκ
q
xy
(2m− 1)piLy tanh
[
(2m− 1)piLy
2L
]
cos
[
(2m− 1)pix
Lx
]
Im.
In the limit of Lx  Ly , we can expand the function tanh[(2m− 1)piLy/2Lx] up to first order in Ly/Lx and use the complete-
ness of the Fourier functions cos[(2m− 1)pix/Lx] to obtain a more tractable (but approximate) expression:
κph,exptxy (x) = κ
q
xy
∞∑
m=1
cos
[
(2m− 1)pix
L
]
Im = κqxy
{
1− 1 + e
−Ly/`
1 + e−(Lx+Ly)/`
exp
(
−Lx
2`
)
cosh
x
`
}
. (25)
Moreover, we can simplify κph,exptxy (x) even further by considering the two opposite limits Lx  ` and Lx  `. In the limit of
Lx  `, the second term in the curly brackets of Eq. (25) is negligible, and we find a constant thermal Hall conductivity:
κph,exptxy (x) = κ
q
xy. (26)
Conversely, in the limit of Lx  `, we can expand the terms in the curly brackets of Eq. (25) up to second order in x/` and
Lx/` (while neglecting Ly/`) to obtain a strongly x-dependent thermal Hall conductivity:
κph,exptxy (x) =
κqxy(L
2
x − 4x2)
8`2
. (27)
Finally, we recover κph,exptxy (x) in Eq. (14) of the main text by substituting κ
q
xy = (pi/12)T into Eqs. (26) and (27).
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k
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FIG. 3. Diagrammatic representation of the Majorana fermion (solid line) and phonon (wavy line) scattering vertex in the presence of disorder
(dashed line with ⊗). (a) The effective Majorana-phonon-disorder vertex presented in Eq. (15). (b) The scattering vertex constructed from the
microscopic Majorana-phonon and Majorana-disorder couplings. The connection between the two is shown in Sec. .
Microscopic calculation of the thermal coupling λ
In this section, we start with deriving the linearized energy current between phonons and Majoranas using the Boltzmann
equation formalism in Sec. . In Sec. , we justify that the Majorana-phonon-disorder vertex presented in Eq. (15) (see Fig. 3
(a)) of the manuscript can be considered as an effective vertex from the microscopic Majorana-phonon and Majorana-disorder
couplings (see Fig. 3 (b)).
Collision integral
We consider the non-interacting Hamiltonians of the Majorana fermion and phonon fields:
H0 = −ivf
4
∫
dx η(x)∂xη(x) +
1
2
∫
dxdy[ρ−10 ~pi
2 +B(~∇ · ~u)2], (28)
where ~u is the lattice displacement field in the continuous limit, ~pi is the conjugate lattice momentum, ρ0 is the lattice mass
density. The longitudinal phonon field in second quantized form is [20]:
~u(~x, t) =
∑
~q
(
~
2ρ0V ω~q
)1/2
qˆ
(
c~q e
i~q·~x−iωqt + c†~q e
−i~q·~x+iω~qt
)
~pi(~x, t) = ρ0
∂~u
∂t
= −i√ρ0
∑
~q
(
~ω~q
2V
)1/2
qˆ
(
c~q e
i~q·~x−iω~qt − c†~q e−i~q·~x+iω~qt
)
, (29)
where V = LxLy is the volume of the system, ~ω~q the energy of the phonon at momentum ~q, and qˆ = ~q/|~q|. In what follows,
we consider the majorana-phonon coupling at the top and bottom edges only. The Fourier transforms of the Majorana field η(x)
and of the disorder field along those edges ζ(x) are
η(x) =
√
2
Lx
∑
k
ηke
ikx, ζ(x) =
1√
Lx
∑
k
ζke
ikx, (30)
where Lx is the length of the system along the x direction, such that {η(x), η(x′)} = 2δ(x − x′), {ηk, ηk′} = δk,−k′ ,
〈ζ(x)ζ(x′)〉dis = ζ2 δ(x − x′), 〈ζpζ−p′〉dis = 〈ζpζ∗p′〉dis = ζ2δp,p′ , where 〈· · · 〉dis denotes a disorder average. H0 and the
9phonon-Majorana interaction HamiltonianHint [from Eq. (15)] in momentum space are
H0 = 1
2
∑
k
vfk η−kηk +
∑
~q
~ω~qc†~qc~q (31)
Hint = i gvf
4vph
√
~
2ρ0
√
1
V Lx
∑
~q,k,k′,p
√
ω~q(k − k′)Kij qˆiqˆj
(
ζpc
†
~qηkηk′e
−iqyy0δp+k+k′−qx − ζpc~qηkηk′eiqyy0δp+k+k′+qx
)
(32)
where y0 = Ly/2, ω~q = vph
√
q2x + q
2
y , with the acoustic phonon velocity vph =
√
B/ρ0. Note that the relation ηk = η
†
−k has
not been explicitly applied, and the summation over k, k′ runs over both negative and positive momenta [but only the annihilation
mode ηk appears in Eq. (30)] [21].
The scattering matrix elementM± that creates, resp. annihilates, a single phonon mode (i.e. which multiplies c†~qηkηk′ , resp.
c~qηkηk′ ) can be expressed as:
M+(~q; k, k′) = i gvf
4vph
√
~
2ρ0
√
1
V Lx
Kij qˆiqˆj
√
ω~q(k − k′)ζqx−k−k′e−iqyy0
M−(~q; k, k′) = −i gvf
4vph
√
~
2ρ0
√
1
V Lx
Kij qˆiqˆj
√
ω~q(k − k′)ζ−qx−k−k′eiqyy0 . (33)
To obtain the collision rate of a phonon mode at momentum ~q due to the scattering with Majorana fermions, i.e.
(
∂g(~q)
∂t
)
coll
,
we approximate the distribution functions for the phonons and edge Majorana fermions as the thermal distribution of bosons
and fermions respectively, with different local temperatures T + T˜ph, T + T˜f . This approximation should presumably be valid
at leading linear order in T˜ph − T˜f since the deviation from the thermal distribution should only contribute at higher orders
in T˜ph − T˜f . We argue that the system reaches local thermalization due to phonon-phonon and phonon-Majorana scattering.
Moreover, given the absence of particle number conservation for either the phonons or Majoranas, the chemical potentials
µph,f = 0 even away from equilibrium. From Fermi’s golden rule, we have(∂g(~q)
∂t
)
coll
=
2pi
~
× 2
∑
k,k′
{〈|M+(~q, k, k′)|2〉dis(1 + gω)ff′δ(−ω~q + k + k′)
− 〈|M−(~q, k, k′)|2〉dis gωff′δ(ω~q + k + k′)}
=
2pi
~
× 2
∑
k,k′
{〈|M+(~q, k, k′)|2〉dis(1 + gω)ff′δ(−ω~q + k + k′)
− 〈|M−(~q,−k,−k′)|2〉dis gωf−f−′δ(ω~q − k − k′)}
=
2pi
~
× 2
∑
k,k′
{〈|M+(~q, k, k′)|2〉disP(ω~q, k, k′)δ(−ω~q + k + k′), (34)
where
P(ω~q, k, k′) = (1 + gω)ff′ − gω(1− f)(1− f′), (35)
with gω = 1/(eβω − 1) and f = 1/(eβ + 1) = 1− f−. The factor of 2 in front of the summation in Eq. (34) comes from the
two ways of creating and annihilating any given Majorana pair. The notation  = k, ′ = k′ , ω = ω~q is used so long as there
is no ambiguity (k is the Majorana fermion dispersion). The reality of the Majorana mode η(x) requires that ηk = η
†
−k, thus
k = −−k. From the first to the second line, we take k → −k, k′ → −k′, i.e.  → −, which is valid because the summation
over k, k′ runs over both positive and negative values in our convention. From the second to the last line in Eq. (34), we used the
fact that |M+(~q, k, k′)|2 = |M−(~q,−k,−k′)|2. The total rate of energy change of the phonon subsystem through the collision
with edge Majorana fermions is: (∂E
∂t
)
ph→f
= −
(∂Eph
∂t
)
= −
∑
qx,qy
ω~q
(∂g(~q)
∂t
)
coll
, (36)
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and the heat current from the phonons to the edge Majorana fermions is
jex =
1
Lx
(∂E
∂t
)
ph→f
.
To obtain
(
∂E
∂t
)
ph→f
at leading order in the temperature difference T˜ph − T˜f (i.e., leading order in δβ = βf − βph), we
Taylor expand P(ω~q, k, k′) to δβ order:
P(ω~q, k, k′) = − δβ ω
2(sinhβω − sinhβ(− ω) + sinhβ) (37)
where we made use of the energy conservation relation ′ = ω − . For simplicity, we consider isotropic lattice distortions, and
take Kij = δij in Eq. (33), so that
∑
i,j Kij qˆiqˆj = 1. Using Eqs. (33,34,37), we find:(∂E
∂t
)
ph→f
= −2pi
~
Γ˜2
V Lx
∑
qx,qy,k,k′
2ω~q
(√
ω~q(k − k′)
)2
〈ζqx−k−k′ζ∗qx−k−k′〉disP(ω~q, k, k′)× δ(−ω~q + k + k′)
=
2pi
~
δβ
Γ˜2ζ2
V Lx
Lx
2pivf
∑
qx,qy,k
ω3(2− ω)2
sinhβω − sinhβ(− ω) + sinhβ (38)
where Γ˜ = g4vph
√
~
2ρ0
. From the first to the second line, the summation over k′ was performed with the energy conservation
δ(−ω~q + k + k′), contributing a factor Lx2pivf . The sum
∑
qx,qy,k
becomes, in the continuous limit,∑
qx,qy,k
→ L
2
xLy
(2pi)3
∫
dqx dqy dk =
V Lx
(2pi)3v2phvf
∫
ω dω dθ~q d. (39)
Eq. (38) then becomes:(∂E
∂t
)
ph→f
= δβ
2pi
~
Γ˜2ζ2
V Lx
Lx
2pivf
V Lx
(2pi)3v2phvf
∫ Λ
0
dω
∫ 2pi
0
dθ~q
∫ Λ′
−Λ′
d
ω4(2− ω)2
sinhβω − sinhβ(− ω) + sinhβ , (40)
where Λ and Λ′ are the phonon and Majorana fermion energy cutoffs, respectively. From Eq. (40), by power counting energies
ω, , we can already see that the result takes the form of
jex =
1
Lx
(∂E
∂t
)
ph→f
= δβ
1
~
Γ˜2ζ2
(2pi)3v2phv
2
f
(
1
β
)8
f(vph/vf ) = δβ
g2ζ2
32(2pi)3
1
v4phv
2
fρ0
(
1
β
)8
f(vph/vf ) ∼ T 6(T˜ph − T˜f ),
(41)
where δβ/β2 = T˜ph− T˜f . Importantly, from jex ∼ T 6(T˜ph− T˜f ), we can extract the exponent α of the thermal coupling λ(T )
defined in the main text, i.e., α = 6. In passing, we note that without disorder, two-phonon processes are necessary to satisfy
kinematic constraints, and one obtains an even larger α = 8. The function f(x) in general depends on the ratio of vph/vf , and
is a dimensionless constant in this model:
f =
∫ ∞
0
du
∫ 2pi
0
dθ~q
∫ ∞
−∞
dv (2v − u)2 × u
4
sinh u− sinh(v − u) + sinh v ≈ 4.2× 10
4, (42)
where u = βω, v = β, and at low enough temperature, we take the integration range such that Λβ,Λ′β →∞. The calculation
of f is outlined below, To simplify the integral, we note that the Boltzmann distribution term P(ω, , ω− ) is symmetric around
 = ω/2, so we makes the change of variables v − u/2 → v˜. The integral measure and range remain unchanged, and the
integrand in Eq. (42) becomes
f =
∫ ∞
0
du
∫ 2pi
0
dθ~q
∫ ∞
−∞
dv˜ 4v˜2
u4
2 sinh u2
(
cosh u2 + cosh v˜
) . (43)
The integral over v˜ can be straightforwardly performed using the result:∫ ∞
−∞
dv˜
v˜2
cosh v˜ + cosh `
=
2`(pi2 + `2)
3 sinh `
. (44)
Integrating over u, we obtain finally:
f = 2pi × 160× (2pi2ζ(5) + 21ζ(7)) ≈ 4.2× 104, (45)
where m 7→ ζ(m) is the Riemann zeta function.
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A more microscopic derivation of the spin-lattice-disorder vertex
In this section, we consider a more generic form of phonon-Majorana coupling (Hf−ph) and disorder-Majorana coupling
(Hf−dis) at the edge at y = y0 = Ly/2 as:
Hf−ph = igvf
4
∫
dxdyKij∂iuj(x, y)η(x)∂xη(x)δ(y − y0),
Hf−dis = −ivf
4
∫
dxζ(x)η(x)∂xη(x). (46)
Our goal is to justify the disorder vertex taken in Eq. (15) by incorporating the velocity disorderHf−dis into the vertex disorder
∼ Hint by properly rescaling the Majorana field in a way that preserves the anticommutation relation. The quadratic Hamiltonian
of the Majorana field is now
Hquad = −ivf
4
∫
dx (1 + ζ(x))η(x)∂xη(x). (47)
We define the following canonical transformation of the Majorana field:
η(x) =
∣∣∣∣∂x˜(x)∂x
∣∣∣∣1/2 η˜(x˜), (48)
for any function x˜(x) that is invertible, i.e. {η˜(x˜), η˜(x˜′)} = 2δ(x˜ − x˜′). Considering weak disorder, a natural choice is
∂x˜(x)/∂x > 0 and x˜(x)→ ±∞ as x→ ±∞. In terms of the new coordinate,
η∂xη =
∣∣∣∣∂x˜(x)∂x
∣∣∣∣2 η˜∂x˜η˜, ∫ dx = ∫ dx˜ ∣∣∣∣∂x˜(x)∂x
∣∣∣∣−1 . (49)
ThusHquad becomes
Hquad = −ivf
4
∫
dx˜ (1 + ζ(x))
∣∣∣∣∂x˜(x)∂x
∣∣∣∣ η˜(x˜)∂x˜η˜(x˜). (50)
To remove the disorder vertex in Hquad, we require
∣∣∣∂x˜(x)∂x ∣∣∣ = 11+ζ(x) . Instead, ζ(x) appears in the Majorana-phonon vertex as
follows:
Hf−ph = igvf
4
∫
dx˜ dy
Kij∂iuj(x, y)
1 + ζ(x)
η˜(x˜)∂x˜η˜(x˜)δ(y − y0). (51)
To express Kij∂iuj(x,y)1+ζ(x) in terms of x˜ to leading order in ζ (weak disorder limit),
x˜(x) =
∫ x
dx′
1
1 + ζ(x′)
=
∫ x
dx′(1− ζ(x′)) +O(ζ2) = x−
∫ x
dx′ζ(x′) +O(ζ2). (52)
The inverse transformation is
x(x˜) = x˜+
∫ x
dx′ζ(x′) = x˜+
∫ x˜+∫ x dx′′ζ(x′′)
dx′ζ(x′) = x˜+
∫ x˜
dx′ζ(x′) +O(ζ2). (53)
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For Kij∂iuj(x, y) in terms of (x˜, y˜ = y), with a careful analysis for i = x and i = y separately at the leading order in ζ:
Kxj∂xuj(x, y) = Kxj
∂x˜
∂x
∂x˜uj(x(x˜), y) = Kxj(1− ζ(x˜))∂x˜uj(x˜+
∫ x˜
dx′ζ(x′))
= Kxj(1− ζ(x˜))∂x˜[uj(x˜) + ∂x˜uj(x˜)
∫ x˜
dx′ζ(x′)]
= Kxj(1− ζ(x˜))[∂x˜uj(x˜) + ζ(x˜)∂x˜uj(x˜) + ∂2x˜uj(x˜)
∫ x˜
dx′ζ(x′)]
= Kxj(∂x˜uj(x˜) + ∂
2
x˜uj(x˜)
∫ x˜
dx′ζ(x′)),
Kyj∂yuj(x, y) = Kyj∂yuj(x˜+
∫ x˜
dx′ζ(x′))
= Kyj(∂yuj(x˜) + ∂x˜∂yuj(x˜)
∫ x˜
dx′ζ(x′))
= Kyj(∂y˜uj(x˜) + ∂x˜∂y˜uj(x˜)
∫ x˜
dx′ζ(x′)), (54)
we have Kij∂iuj(x, y) = Kij(∂i˜uj(x˜) + ∂x˜∂i˜uj(x˜)
∫ x˜
dx′ζ(x′)) + O(ζ2). The y coordinate in the expression of uj(x, y) is
omitted for brevity so long as there is no ambiguity. To leading linear order in ζ, Eq. (51) is
Hf−ph = igvf
4
∫
dx˜dy Kij∂iuj(x, y)(1− ζ(x))η˜(x˜)∂x˜η˜(x˜)δ(y − y0)
=
igvf
4
∫
dx˜dy Kij(∂i˜uj(x˜) + ∂x˜∂i˜uj(x˜)
∫ x˜
dx′ζ(x′))(1− ζ(x˜))η˜(x˜)∂x˜η˜(x˜)δ(y − y0)
=
igvf
4
∫
dx˜dy
(
Kij∂i˜uj(x˜)−Kij∂i˜uj(x˜)ζ(x˜) + ∂x˜(Kij∂i˜uj(x˜))
∫ x˜
dx′ζ(x′)
)
η˜(x˜)∂x˜η˜(x˜)δ(y − y0). (55)
Note that the second term in the last line is exactly the disorder vertex in Eq. (15), while the last term is subleading in the limit
vph/vf  1 despite its integral form. To show that, we first specify the boundary condition for the coordinate transformation as
ζ(±∞) = 0, and the Fourier transform of the disorder integral in the last term can be well defined∫ x˜
dx′ζ(x′) =
∫ x˜
−∞
dx′ζ(x′) =
1√
Lx
∑
p
ζp e
ipx˜
ip
. (56)
The Fourier transform of the last term becomes
igvf
4
∫
dx˜dy
(
∂x˜(Kij∂i˜uj(x˜))
∫ x˜
dx′ζ(x′)
)
η˜(x˜)∂x˜η˜(x˜)δ(y − y0)
=− i gvf
4vph
√
~
2ρ0
√
1
V Lx
∑
~q,k,k′
Kij qˆiqˆj
√
ω~q (k − k′) qx
qx − k − k′ ζqx−k−k
′e−iqyy0c†~qηkηk′ + h.c., (57)
which only differs from that of Eq. 33 by a factor − qxqx−k−k′ . Since (k+ k′) = (vph/vf )
√
q2x + q
2
y = (vph/vf ) qx/ cos θ~q from
energy conservation, the factor − qxqx−k−k′ =
cos θ~qvf/vph
1−cos θ~qvf/vph ∼ vf/vph  1 for realistic values. This implies that the last term
in Eq. (55) with the disorder integral is subleading compared to the disorder vertex discussed in the main text [22].
